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Abstract. A precise description of the B-X spectrum of the I2 molecule has been developed. All presently
available high precision measurements on the B-X spectrum of the I2 molecule in the visible were introduced
into a model based on molecular potentials for the two electronic states involved, the transition frequencies
being the differences of the energy eigenvalues for the rovibrational levels in those potentials. This approach
allows, depending on the quality of the input data, a prediction of iodine lines with a 2σ uncertainty of
less than 30 MHz from 514 nm to 815 nm of most bands in that range. In the range between 526 nm
to 667 nm, where highly precise systematic measurements exist, a smaller 2σ uncertainty of 3 MHz is
achieved. Moreover, a precise local model description of selected bands of the B-X spectrum has been
derived from high precision measurements of iodine lines in the near infrared between 778 nm and 815 nm.
This approach by using a Dunham parameter description allows to predict lines of these bands with a
1σ uncertainty of less than 200 kHz. All this information including the systematically studied hyperfine
structure can be combined in a computer program for predicting the details of the iodine B-X spectrum
with high reliability, serving as a convenient tool in spectroscopic calibration tasks.

PACS. 33.15.Mt Rotation, vibration, and vibration-rotation constants – 33.20.Kf Visible spectra –
34.20.Cf Interatomic potentials and forces

1 Introduction

The iodine spectrum has a good tradition as a frequency
reference in the visible and in the NIR. The iodine atlas
by Gerstenkorn et al. [1] permits a frequency calibration
in the range between 330 THz (11000 cm−1) and 600 THz
(20000 cm−1) using Doppler-broadened lines. Doppler-free
iodine lines have been used not only as a convenient ref-
erence for frequency stabilisation of lasers, but also as
frequency references at a high level of accuracy of few
parts in 10−9 or even much better [2–9]. Some of them
are recommended as wavelength standards by the Comité
International des Poids et Mesures (CIPM) [10]. Most of
these lines are spread accidentally in the visible spectrum,
given by coincidences with frequencies of the lasers to be
stabilized. Recently, quite accurate systematic measure-
ments band by band of iodine lines between 570 nm and
655 nm were published [11–13], and highly precise mea-
surements of iodine lines in the near infrared are available
now [14–17]. New lines were reported using diode lasers
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around 633 nm [18], and also the region around 532 nm
has been covered with high precision [19–23]. Further-
more, Kato et al. published an atlas covering the range
from 15000 cm−1 (667 nm) to 19000 cm−1 (526 nm), con-
taining Doppler free spectra of this whole range [24]. In
total, the availability of such a large body of data leads to
the idea to look for a highly precise model description of
the B-X spectrum, allowing the precise reproduction of all
reported lines and a prediction of frequencies of unmea-
sured lines for calibration purposes.

For the case of Doppler broadened lines, already
Gerstenkorn et al. showed, that it is possible to describe
their data set of transition frequencies of 17800 iodine lines
to an uncertainty level of δν/ν ≈ 10−7 using as an ade-
quate description the Dunham series based upon the phys-
ical model of a vibrating rotor, and to reduce the data to
as few as 46 fitted molecular parameters [25]. Martin et al.
determined molecular parameters describing the emission
spectrum of iodine in the range between 7400 cm−1 and
18350 cm−1 to an uncertainty level of several 10−7 [26],
thereby characterizing the molecular ground state level
structure nearly up to the dissociation limit.

The high precision data stem from experiments in
which the Doppler broadening was small, and the frequen-
cies refer to resolved hyperfine transitions which underlie
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the Doppler broadened lines observed in a linear absorp-
tion experiment. This fact calls for dividing the model
approach into two steps.

First the hyperfine splitting has to be removed from
the measured frequencies. Thus precise models for the de-
scription of the hyperfine structure of the B-X spectrum
are required. In a recent paper we introduced models ca-
pable of describing the hyperfine structure with a 2σ un-
certainty of few 10 kHz [27].

Second the rovibrational level structure has to be de-
scribed by appropriate models. This is the topic of the
present paper.

The paper roughly is organized in two parts. The first
one is concerned with our systematic near infrared high
precision measurements of absolute frequencies and of fre-
quency differences. Here it is of great advantage to use
a “local” description, which is restricted to the range of
bands prevailing in the iodine spectrum in the range be-
tween 778 nm and 815 nm, but which is able to exploit
the high precision of the measurements to yield highly ac-
curate predictions of frequencies.

In the second part a new model approach is presented,
which uses all precise data of the B-X system available
in the whole visible and near infrared spectral range. The
aim is to offer a range as large as currently possible with
a prediction uncertainty as small as possible. As it will
be shown in the following, an overall description of fairly
large parts of the iodine spectrum with a 2σ uncertainty
level of less than 3 MHz is possible.

2 Description of the data in the near infrared
range from 778 nm to 815 nm

Our measurements in the near infrared cover the wave-
length range between 778 nm and 815 nm. Here several
lines were calibrated absolutely with uncertainties mostly
much smaller than 80 kHz [14,15,17], and also difference
frequencies between hyperfine lines of different rotational
transitions were determined with uncertainties less than
50 kHz [28]. The experimental details of the absolute cal-
ibrations have already been described in those references.
For the measurement of difference frequencies the beams
of two iodine stabilized lasers, each stabilized to different
iodine hyperfine lines of different rovibronic transitions,
were overlapped on a fast photodiode and the beat fre-
quencies were counted with a microwave counter for fre-
quencies up to 26 GHz. The counting results were checked
in different experimental settings to determine the scat-
ter in the realisation of the laser locks to the transition
frequencies. Typical intervals of such scatter were around
10 kHz or less. The measured frequencies include the fre-
quency shift due to the hyperfine interaction. They were
subtracted using the interpolation formulae for the hy-
perfine parameters given in our recent paper [27]. To the
derived data set, containing difference frequencies of rota-
tional lines and rovibronic ones of the B-X system, lines
of the iodine atlas by Gerstenkorn [1] were added to fill
some of the remaining gaps in the quantum number se-
quence of the bands to check the internal consistency.

These data bear much larger uncertainties than the for-
merly described ones. The accuracy of the frequencies
given in the iodine atlas was improved compared to [1]
(see discussion in Sect. 3.1) by a line shape analysis.

Only frequencies from the bands v′ = 0− v′′ = 12, 13,
14, 15, 16, and 17 were used to keep the number of pa-
rameters for the description of the upper state as small as
possible. A local representation using the usual Dunham
ansatz [29] was applied:

EB(v′, J ′) − EX(v′′, J ′′) =

Se +
∑
l,k
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lk

(
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2
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Traditionally, the Dunham parameters are named be Ylk.
Here we use Slk, because the parameters have a very lim-
ited range of allowed quantum numbers. By this defini-
tion we hope to avoid confusion in usage. The number of
parameters was reduced as much as possible. So for the
upper state B, where only v′ = 0 is used, the vibronic
energy of the band origin was confined to one parameter,
here labeled as S0. Similarly a single parameter Sk for
each power k of J(J + 1) with k up to k = 4 was used:
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For the ground state, also as few as possible parameters
for the narrow range of levels were selected, in order to
describe the data satisfactorily. The standard deviation of
the fit is 40 kHz. The resulting parameters are listed in
Table 1. The uncertainty limits given correspond to one
standard deviation. The number of digits given in the ta-
ble corresponds to those necessary for a round off smaller
than few kHz. The fitted parameters are highly correlated,
so that the uncertainties of predicted frequencies cannot
be calculated from these parameter uncertainties alone.
Based on the covariance matrix of the fit, in Figure 1
we give uncertainty limits for arbitrary frequencies calcu-
lated from these parameters for those bands, for which
high precision measurements are available. The symbols
(circles, triangles, etc.) of each curve in the figure corre-
spond to R(J ′′) lines from smaller to greater wavelengths
with J ′′ = 20 to 120 in steps of ten, then 150 to 190 in
steps of ten and finally 210. The graphs for P(J ′′) lines will
not show significant differences. Especially for the bands
0-15 and 0-14, which include most of the high precision
measurements, the 1σ prediction uncertainty is well below
100 kHz for moderate J values, so such high accuracy can
be expected for reference lines of these bands between 778
and 796 nm. Selecting the proper J ′′ of the other bands,
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Table 1. Dunham parameters derived from fit of the near infrared data of bands (v′, v′′) with v′ = 0 and v′′ = 12, ..., 17 and
J ′′ ≤ 242.

lower state X1Σ+
g [cm−1] upper state B0+

u [cm−1]

S10 0.21479058554 × 103 ± 0.95 × 10−3 S0 15832.7358035 ± 0.56 × 10−2

S20 –0.6349014655 ± 0.45 × 10−4 S1 0.289260041202 × 10−1 ± 0.42 × 10−8

S40 –0.31552791 × 10−4 ± 0.29 × 10−7 S2 –0.62353693595 × 10−8 ± 0.60 × 10−12

S01 0.373816471278 × 10−1 ± 0.16 × 10−6 S3 –0.22689095 × 10−14 ± 0.19 × 10−16

S11 –0.1166181096942 × 10−3 ± 0.28 × 10−7 S4 –0.4269941 × 10−20 ± 0.16 × 10−21

S21 –0.996620979 × 10−7 ± 0.16 × 10−8

S31 –0.895649619 × 10−8 ± 0.31 × 10−10

S02 –0.4608461804 × 10−8 ± 0.18 × 10−11

S12 –0.1196947480 × 10−10 ± 0.24 × 10−12

S22 –0.9829624898 × 10−12 ± 0.78 × 10−14

S03 –0.36003776 × 10−15 ± 0.22 × 10−16

S13 –0.33513423 × 10−16 ± 0.18 × 10−17

S04 0.6778317 × 10−21 ± 0.20 × 10−21

S14 –0.1441870 × 10−21 ± 0.16 × 10−22

Fig. 1. 1σ prediction uncertainty for R lines of the 0-12 to
0-17 bands in the near infrared. The symbols in each band
correspond from left to right to J ′′ = 20, 30, 40, 50, 60, 70, 80,
90, 100, 110, 120, 150, 160, 170, 180, 190, and 210.

lines within the wavelength range from roughly 775 nm
to 815 nm can be predicted with 1σ accuracies well below
200 kHz using this local model.

3 Description of the visible and NIR spectrum

3.1 Discussion of the data available

A large number of precisely known transition frequencies
is already available in the literature [8–23,30]. A dense grid
of lines exists between 560 nm and 650 nm [11–13], with
uncertainties of the transition frequencies at a 1 MHz level.
This grid also provides systematic information about the
molecular bands involved. A narrow range around 532 nm

has been determined with very high precision [19–21],
containing information of upper vibrational states 32 ≤
v′ ≤ 36. Some hyperfine resolved transition frequencies
in the near infrared were given by Rakowsky [31] at a
30 MHz level of uncertainty. The other precise measure-
ments are distributed fairly irregular in the visible iodine
spectrum. These data were supplemented by frequencies
derived from the iodine atlas recently published by Kato
et al. [24], which covers the spectral range from 526 nm to
667 nm and contains, in addition to the Doppler broad-
ened spectrum, also the Doppler reduced saturation spec-
trum, together with a calibrated marker spectrum. The
authors give an accuracy of better than ± 3 MHz for lines
derived from the atlas. For the region from 526 nm to
560 nm, we determined transition frequencies quite sys-
tematically from this atlas.

Rong et al. [32] only give difference frequencies be-
tween hyperfine components. Quantum numbers were as-
signed using the iodine atlas [1] and the Dunham parame-
ters of [25]. Then these differences were combined with the
wavelength comparison of the R(25) 25-0 line by Grieser
et al. [33] (remark: in that paper erroneously an assign-
ment of R(25) 26-0 was given) to give precise absolute
frequencies for 16 additional lines of bands 24-0, 25-0, 26-
0, 27-1 and 28-1.

All absolute frequencies of hyperfine transitions were
corrected for the shift due to the hyperfine interaction, in
order to get the frequency of the pure rovibronic transi-
tion. If the hyperfine parameters for the transition under
consideration were known, these were used to calculate the
hyperfine shift, otherwise the hyperfine parameters were
interpolated using the formulae published recently [27].

For lines derived from the saturation spectra in Kato’s
atlas, apart from few exceptions lines of even J were
chosen, and the absolute frequencies of the hyperfine
components a1, a10 and a15 were determined, because
these are single lines and unblended and following the
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Table 2. Recalibration rules for frequencies from iodine atlas by Gerstenkorn et al. [1].

atlas frequency correction of wavenumber ν [cm−1] estimated 1σ uncertainty [10−3cm−1]

atlas I, part 1 (11000–13000 cm−1) νcorr = νatlas J ′′ even: 0.65 J ′′ odd: 1.1
atlas I, part 2-4 (13000–14000 cm−1) νcorr = νatlas − 2.5 × 10−3 J ′′ even: 1.0 J ′′ odd: 1.5
atlas II, III, (14000–20000 cm−1) νcorr = νatlas (1 + 1.7 × 10−7) − 8.1 × 10−3 J ′′ even: 0.71 J ′′ odd: 0.99

Table 3. Shifts of “pure” rovibronic frequency νrv with respect to corrected frequency of line maximum νcorr, and profile data.

atlas frequency shift ν [cm−1] cell temp ◦C FWHM rect. [MHZ] FWHM sinc [MHZ]

atlas I, part 1 J ′′ even: νrv = νcorr 790 7501 7501

(11000–13000 cm−1) J ′′ odd: νrv = νcorr − 6.3(2.0) × 10−4

atlas I, part 2-4 J ′′ even: νrv = νcorr 500 600 600
(13000–14000 cm−1) J ′′ odd: νrv = νcorr − 7.6(3.0) × 10−4

atlas II J ′′ even: νrv = νcorr 250 600 600
(14000–15800 cm−1) J ′′ odd: νrv = νcorr − 7.6(3.0) × 10−4

atlas III J ′′ even: νrv = νcorr 250 6601 450
(14800–20000 cm−1) J ′′ odd: νrv = νcorr − 8.2(2.0) × 10−4

1 Value estimated, see text.

recommendation by [27] about the influence of the hyper-
fine parameters on the prediction of transition frequen-
cies. The hyperfine shift calculated from the interpolated
hyperfine parameters was subtracted, and the resulting
three frequencies, which ideally should coincide, were av-
eraged. The uncertainty of the resulting pure rovibrational
frequency was estimated from the scatter of these three
values, but a lower limit of 0.0001 cm−1 ≈ 3 MHz was
assumed. This procedure relies on the accuracy the au-
thors report [24] and on the experience of the nearly 400
averaged frequencies derived from the atlas, taking into
account the signal-to-noise ratios of the saturation spec-
trum and the marker spectrum.

Further data, but with lower precision, were derived
from the iodine atlas by Gerstenkorn and Luc (GL at-
las) [1], in order to fill remaining gaps in the list of obser-
vations with measurements. This applies especially to the
red region from 667 nm to 776 nm, and to the range from
514 nm to 526 nm.

For this purpose the quality of the data of the GL atlas
was reexamined with great care. Now, that the hyperfine
parameters are known to very good accuracy the profiles
can be simulated with better reliability than was possible
earlier [34]. The lineshapes of the lines in the atlas are a
convolution of overlapping, Doppler broadened hyperfine
lines with a rectangular profile due to the finite aperture of
the Fourier spectrometer used, and with the instrumental
sinc profile.

For the evaluation, the Doppler widths were defined by
the temperatures reported for the recording of the differ-
ent parts of the atlas, and the width of the sinc was taken
from [34]. The width of the rectangle was chosen to give
best agreement with the widths of the profiles after each
step of convolution compared to the values given in [34].
We simulated the line shapes with the line positions of the
hyperfine lines calculated from interpolated hyperfine pa-
rameters and relative intensities calculated for an electric
dipole hyperfine transition.

With this approach, it was possible to determine the
shift of the point of maximum intensity of the lines, to
which the atlas refers, with respect to the frequency of
the pure rovibronic transition. Actually, Gerstenkorn et al.
discuss the displacements from the center of gravity of the
structure. This differs from the former one by less than
3 MHz, which is negligible within the limits of uncertainty
of these spectra. A distinction had to be made between
even and odd J ′′ for the present analysis, as the resulting
profiles show different asymmetries, caused by the differ-
ent numbers, positions and intensities of the components
in the hyperfine patterns.

Additionally, the corrected frequencies of selected lines
were compared with their corresponding high precision
values, and frequency dependent improved calibration for-
mulae were determined. A slight frequency dependence of
the differences over the whole range of the atlasses II and
III was found, which was already mentioned by Palmer
et al. [35], and was corrected for. The final rules and the
parameters applied for the different parts of the atlas are
listed in Tables 2 and 3. In Table 2 the estimated uncer-
tainties after correction for unblended lines are also given.

Including the NIR data, about 1500 absolute rovi-
bronic frequencies were collected as a basis for the model
description. The data field is shown in Figure 2, indicat-
ing that the data generally cover both electronic states
rather homogeneously. For the ground state, vibrational
levels v′′ ≤ 17 are involved, whereas in the upper state v′
ranges up to 43. However, the different qualities of the
data should be kept in mind. For example for 8 ≤ v′′ ≤ 11
most data come from the GL atlas, and therefore are
less accurate than the other data. This also means that
there is no direct connection by high precision measure-
ments from the lower set of vibrational ground state levels
0 ≤ v′′ ≤ 7 to the higher ones 12 ≤ v′′ ≤ 17. Generally
this results in different levels of precision in the descrip-
tion of parts of the spectra, here especially for the range
between 667 nm and 778 nm, and finally gives different
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Fig. 2. Input data field for fit: each symbol represents a rovi-
bronic level either in the excited state (left panel) or in the
ground state (right panel).

Fig. 3. 1σ uncertainties of the data used for the modelling.

levels of uncertainties for the lines predicted by the model,
depending on the bands to which the lines belong. Also in-
cluded in the data set are the line P(33) of the 6-3 band of
the isotopomer 129I127I, and P(33) 6-3, P(54) and R(69)
8-4, P(110) 10-2, P(69) 12-6, R(113) 14-4 of 129I2 [10],
They will help to determine correction parameters to the
Born-Oppenheimer approximation (see next section). An
overview of the absolute uncertainties of the data used in
the different spectral ranges is shown in the diagram of
Figure 3. Generally the minimum uncertainties were set
to 3 MHz, in order to avoid too high weights in the fit for
the most precise data (uncertainties down to few kHz),
and as we believe that the method used is not capable
of describing those data to such a high level of accuracy.
In the range from 19000 to 15000 cm−1 the precision of
the data is generally better than 10 MHz, with only a
few exceptions. Additionally there are short intervals in
the NIR from our high precision measurements described
above, and the precise data at 514 nm [36]. Between these
ranges data of the iodine atlas by Gerstenkorn [1] rather
bear uncertainties of 30 MHz or slightly higher, according
to the last column in Table 2. The complete set of as-
signed transition frequencies used is provided in the elec-

tronic supplement to this paper (see the table in “Online
material”).

3.2 The physical model applied

The main goal of this paper is to present a model de-
scription of the spectroscopic data, which is based on well
established theoretical approaches and yields a proper rep-
resentation of the input data across the whole range with
as few parameters as possible. Moreover, it should also
be able to interpolate to predict unobserved transitions
within that range with a minimal loss of accuracy relative
to that of the input data.

An often used approach is the reduction to Dunham
parameters [29], which was also applied in Chapter 2 for
the narrow range of near infrared data. However, depend-
ing on the structure of the data, there is often the prob-
lem of strong correlations among the set of parameters of
a given state, as well as between the sets of parameters of
the two states. This applies especially to correlations be-
tween the rotational parameters and the centrifugal dis-
tortion constants. One way out of this dilemma can be
an iterative approach, where first rough parameter values
are determined only for vibration and rotation, neglect-
ing the centrifugal distortions. From these parameters a
potential is determined, e.g. by the RKR procedure, and
then centrifugal distortion parameters are calculated us-
ing the corresponding eigenfunctions of the eigenstates of
that potential. The centrifugal parameters are then used
as fixed parameters in a further Dunham-parameter fit to
determine new vibrational and rotational parameters in
the next step of the iteration.

Here we will use as the physical model for the data
a very homogeneous approach, which describes each elec-
tronic state directly by a model potential, and the energies
of the levels are the eigenvalues of the Schrödinger equa-
tion solved with these potentials. Several representations
of the potentials in such direct potential fits are used in
literature, like e.g. the expanded Morse oscillator [37] or
modified Lennard-Jones potential [38]. These were devel-
oped to describe the whole potential from short to large
internuclear separations in a single expression (but some-
times including a switching function accounting for a
peculiar representation for the long range part). Other
approaches such as the spline interpolated numerical po-
tential of Pashov et al. [39] use their representation only
for intermediate nuclear distances, for which data are
available, and use reasonable analytical extensions for
short and long range extensions.

We will here use potentials in the so-called “X-
representation”, where the central part supported by data
is written as a truncated power series of the form

V (R) =
∑

i

aiX
i, i = 0, 1, 2, ... (3)

with

X =
R − Rm

R + b Rm
. (4)
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The parameters ai are determined in a fit, R is the nuclear
distance and Rm is an arbitrarily chosen expansion center
close to the equilibrium nuclear distance of the electronic
state. The parameter b allows one to modify the slope at
short internuclear distances, and is adjusted once for a
best fit of the potential representation (3) to the potential
to start with, which in this case was an RKR potential.

This representation was recently used to derive a pre-
cise potential for the ground state of the Ca2 molecule, for
which it was also compared with Pashov’s approach [40],
and was also used successfully for a high precision de-
scription of the Na2 ground state up to the dissociation
continuum close to the hyperfine asymptotes [41]. Here we
have the opportunity to check whether the principal limits
of a potential description are reached already by the very
precise data available.

The energy contributions, which are neglected
within the Born-Oppenheimer approximation (“Born-
Oppenheimer corrections”, BOC), must be considered be-
cause of the very accurate data. However, they are taken
into account only for the excited B state. The BOC con-
tributions to the low levels of the ground state involved
here are expected be small, and were therefore neglected in
the calculations. However, the parameters derived for the
upper state can contain some contribution of the ground
state as well.

For the B state the effective Hamiltonian for the
radial motion has the form derived by Herman and
Ashgarian [42], including adiabatic correction Vcorr of the
potential and nonadiabatic corrections α(R) of the cen-
trifugal energy and β(R) of the kinetic energy was used.
Here we refer to the more concise form of the effective
Hamiltonian as given in [43]

Heff = − �
2

2µ

∂

∂R
[1 + β(R)]

∂

∂R
+ V (R) + Vcorr(R)

+
�

2[1 + α(R)]J(J + 1)
2µR2

. (5)

For a homonuclear molecule these corrections depend on
the ratio me/µ of the electron mass me and the reduced
mass µ of the molecule. Because only two of these cor-
rections can be determined simultaneously [44,45], we de-
cided to neglect β in our approach, and α(R) becomes
the effective nonadiabatic correction, not only the rota-
tional correction. The adiabatic correction Vcorr(R) can
only be determined if data for different isotopic species of
the molecule are included. Both Vcorr and α are functions
of the internuclear distance R and are represented also as
a truncated power series in X , respectively:

α(R) =
µref

µ

2Rm

R + Rm

∑
i

αi X i, i = 0, 1, 2, ... (6)

Vcorr(R) =
(

1 − µref

µ

)
Vad (7)

with
Vad =

2Rm

R + Rm

∑
i

vi X i, i = 0, 1, 2, ... (8)

Fig. 4. Construction details of the potentials, for the meaning
of the parameters used see text.

with µref being the reduced mass of the selected refer-
ence isotope 127I2. This ansatz considers the asymptotic
behaviour of the corrections in a way proposed recently
by Le Roy [46]. Vcorr = Vcorr(B)−Vcorr(X) asymptotically
corresponds to the isotope shift of the atomic transition,
which is here 2P1/2–2P3/2 of iodine. To our knowledge
the isotope shift is not known experimentally, anyway it
should be quite small because the transition is only due
to a change in the fine structure level. Thus it is justified
to set the asymptotic value of Vcorr to zero. The simplified
ansatz turns out to be convenient here, also because no
extrapolation to outside the range defined by the input
data is intended presently.

In Figure 4 the general construction of the po-
tential form is illustrated. Physically appropriate ex-
trapolation functions are attached outside the range
of internuclear distances on which the potential is de-
termined by experimental data. For the inner branch
R < RI an exponential V (R) = AI exp(−BI(R −
RI)) is used, where AI and BI are adjusted to give
a smooth and differentiable connection at RI after
each modification of the central part (heavy line) of
the potential. The outer branch R > RO is ex-
tended with functions representing dispersion interactions
V (R) = De −

∑
n Cn/Rn + AO exp(−BO(R − RO)). The

parameters De and Cn are taken from literature [47–49].
The parameters of the exponential term are again adjusted
to insure smoothness and differentiability at the connec-
tion RO. For both the adiabatic and the nonadiabatic cor-
rections, the representation of equations (6, 7) was used
for the total range of R.

During the fit the eigenvalues for the lower and the up-
per levels are calculated for each optical transition using
the Numerov method [50] with the respective potentials,
and their difference “cal” is subtracted from measured fre-
quency “obs”. The parameters ai, αi and vi are adjusted
searching for a minimum of χ2

χ2 =
∑

i

(
obsi − cali

∆obsi

)2

, (9)
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∆obsi is the uncertainty of the experimental value. The
fitting strategies for this nonlinear problem are provided
by the MINUIT program package [51].

3.3 Results

The potential fit is started with an approximation pro-
vided by an RKR potential, which is calculated from
the Dunham parameters of [25] and transformed to a
representation according to equation (3). For different
values of b starting from zero in a linear least squares
fit of equation (3) to the RKR potential the parame-
ters ai, i = 0, ..., N for a given number N are determined.
While varying b the rms error of those fits is minimized to
get the best value for b under these conditions. This value
of the parameter b in equation (3) is then kept fixed. The
corresponding values of ai give the starting potential. The
parameters αi and vi, representing small contributions to
the Hamiltonian, were initially set to zero. With these
values the nonlinear fit is started. Usually only the pa-
rameter set for one chosen electronic state was adjusted,
varying step by step more parameters, while keeping the
parameters of the other state fixed, and vice versa. Af-
ter reaching a fairly good fit also the Born-Oppenheimer
corrections were released and adjusted. Only parameters
that turned out to be significant were kept. Finally all
parameters were released and simultaneously fitted.

The excellent quality of the fit is revealed by Figure 5.
Here the ratios of the residuals normalized to the experi-
mental uncertainty (obs − cal)/∆obs are shown in a his-
togram, which represents the statistical distribution, i.e.
the number of values falling into a certain box of width
bw versus the relative distance of the box from zero. The
distribution fits well to a Gaussian shape of the functional
form y = y0 + Aexp(−0.5((x − xc)/w)2) with y0 and xc
set to zero. Thus no systematic shift is contained in the
distribution. The full width at half maximum (FWHM)
results to 1.0, stating that 66% of the data fall into an
interval given by ±0.5 times the experimental uncertainty
around zero. This is of course partly due to giving the data
a minimum uncertainty of 3 MHz, while some of them are
more precise.

However, there are still some peculiarities in the distri-
bution. In particular, for the 33-0, 34-0, 35-0 bands the dif-
ferences obs−cal for moderate J ′′ are systematically nega-
tive and the residuals amount up to 5 MHz, in spite of the
precise data available there, while lines of high J ′′ and low
J ′′ of these bands fit quite well. The reason is not known.
If it is not a physical effect, an explanation could be the
structure of the data set used. In particular, taking the at-
las by Kato [24] at the end of its range close to 19000 cm−1,
transitions are distributed such that the range of J ′ sys-
tematically increases with the value of v′. So an artificial
correlation between the J-dependent and v-dependent pa-
rameters could be introduced. Unfortunately, this cannot
be avoided presently because no other precise data are
available in that region. In this sense the reliability of
the fit was improved significantly when the hyperfine lines

Fig. 5. Histogram of the relative residuals of the fit.

P(42) and R(45) of the 39-2 band near 532 nm [52] could
be introduced in the fit.

The potential parameters finally found and the other
parameters used for both lower and upper state are given
in Table 4. All parameters are given to more than sufficient
accuracy, mostly full machine accuracy. It was checked
that the data can be reproduced from these numbers to
their full accuracy. Because the parameters for upper and
lower state are expected to be correlated and the coeffi-
cients are not known from this nonlinear fit, individual
uncertainties for each parameter are not given. But with
the potential the level scheme of each state can be pre-
dicted with accuracy similar to that of the the experimen-
tal transitions, as discussed in Section 4.

4 General discussion of the results

A very precise and complete set of data known for a molec-
ular optical transition is available for the iodine spec-
trum under consideration here. The good quality of the
fit (Fig. 5) shows the consistency of the data and that the
selected model ansatz is adequate. Thus, one can expect
a small uncertainty for the prediction of lines using this
model. What are reasonable limits of uncertainty for such
predictions?

Using the results of the statistics of the residuals of
the fit together with Figure 3 for the distribution of the
experimental accuracy, the expected uncertainties in the
respective spectral ranges can be specified in a simple rule
of thumb.

2σ corresponds roughly to the experimental uncer-
tainty, which can be read from Figure 3 as the prevailing
uncertainty values. Thus, 92% of the predictions fall into
an interval of ± 3 MHz in the range from 19000 cm−1

(526 nm) to 15000 cm−1 (667 nm) and from 12880 cm−1

(776 nm) to 12270 cm−1 (815 nm), because most of the
data in the fit have this uncertainty. The lines at 514 nm
coinciding with the green Ar+ laser line are fully repro-
duced within their uncertainty, and the two calibrations
at 730 nm ([16]) as well. However, in the remaining range
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Table 4. Potential data of upper and lower state and of the BOC functions α(R) and Vad(R) for the reference isotopomer 127I2.

parameter upper state B0+
u lower state X1Σ+

g

Rm [Å] 3.02669183 2.66638233
b –0.75 –0.60
a0 [cm−1] 15769.0678546 0.0
a1 [cm−1] 0.888929155287492279 × 101 0.947051006049874633 × 101

a2 [cm−1] 0.850235519686038970 × 104 0.492602562595701165 × 105

a3 [cm−1] 0.695917336737764890 × 104 0.213682631498861410 × 105

a4 [cm−1] 0.994920182775927628 × 103 –0.181879788791815008 × 105

a5 [cm−1] –0.556131449320786032 × 104 –0.499045801469034486 × 105

a6 [cm−1] –0.107555928627667199 × 105 –0.702742764701535925 × 105

a7 [cm−1] –0.169188457283073476 × 105 –0.882312608143186953 × 105

a8 [cm−1] –0.153304207986605579 × 105 –0.102331582920833287 × 105

a9 [cm−1] 0.433363227519699431 × 105 0.339528118110142939 × 106

a10 [cm−1] 0.625822290457034105 × 105 0.628206506769069820 × 105

a11 [cm−1] –0.389266247379213921 × 106 –0.717230249674846511 × 107

a12 [cm−1] –0.432218520110222744 × 106 0.855012363130142097 × 106

a13 [cm−1] 0.272340536816511489 × 107 0.40925020305406115 × 108

a14 [cm−1] 0.321856089579221839 × 107

a15 [cm−1] –0.127338456382425241 × 108

a16 [cm−1] –0.172753342751943097 × 108

a17 [cm−1] 0.425256255365765169 × 108

a18 [cm−1] 0.712696682021539360 × 108

a19 [cm−1] –0.913057098990224898 × 108

a20 [cm−1] –0.210868067425342679 × 109

a21 [cm−1] 0.926719291015004069 × 108

a22 [cm−1] 0.413233196395634711 × 109

a23 [cm−1] 0.608534295451399982 × 108

a24 [cm−1] –0.487970270485778809 × 109

a25 [cm−1] –0.305239338118491709 × 109

a26 [cm−1] 0.269185593565317631 × 109

a27 [cm−1] 0.349461001962127566 × 109

a28 [cm−1] 0.277101477602953948 × 108

a29 [cm−1] –0.133371646903035790 × 109

a30 [cm−1] –0.765550455925225466 × 108

a31 [cm−1] –0.136649829213649314 × 108

α0 –0.257024561963860657 × 10−3

α1 0.304354657912661525 × 10−4

α2 –0.824779020512065772 × 10−3

α3 –0.321720674688543535 × 10−3

α4 –0.484148886990049172 × 10−3

v0 [cm−1] –0.227614214611850801
v1 [cm−1] –0.847450483731850923 × 101

v2 [cm−1] 0.725562196053643760 × 101

extension data used
RI [Å] 2.64700 2.40000
AI [cm−1] 0.19603113 × 105 0.45807577 × 104

BI [Å−1] 0.13702730 × 101 0.90114269 × 101

RO [Å] 4.90000 3.30000
AO [cm−1] 0.44452892×102 0.10523133×104

BO [Å−1] 0.71764654 0.12830221×101

De [cm−1] 20150.317 [48] 12547.340 [48]
C5 [cm−1Å5] 0.3161 × 106 [49] -
C6 [cm−1Å6] 0.1506 × 107 [49] 0.148×107 [47]
C8 [cm−1Å8] 0.2480 × 108 [49] 0.386×108 [47]
C10 [cm−1Å10] 0.0420 × 1010 [49] 0.100×109 [47]
range of turning points
of potentials [Å] 2.650–4.589 2.427–3.079
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Fig. 6. R-dependent Born-Oppenheimer correction (BOC) pa-
rameters (black). Upper panel: effective nonadiabatic correc-
tion α(R) for the main isotope 127I2; lower panel: adiabatic
potential correction Vad(R), both together with the fitted B
state potential (grey). The broken vertical lines show the range
of turning points covered by data.

between 514 nm and 526 nm one rather has to expect
±30 MHz as the 2σ interval, and to the red from 667 nm
to 776 nm it is partly worse, but 60 MHz will be an up-
per limit for 2σ. Obviously new data with better accu-
racy would improve the description significantly. Beyond
776 nm our high precision data are described to better
than 1.5 MHz as long as the rotational quantum number
J ′′ is less than about 120, above this range fit residuals
increasing with J ′′ are observed with a maximum of about
7 MHz at J ′′ = 238 in the 0-15 band, despite the inclusion
of an effective nonadiabatic BOC by α(R).

The results for the Born-Oppenheimer corrections can
in principle help to improve the understanding of the
physics of the chemical bond of the iodine molecule in
the excited B state. It was verified, that the introduc-
tion of the effective adiabatic and nonadiabatic BOC was
necessary to get a satisfactory fit. The nonadiabatic term
α(R) is determined by the huge manifold in J going up
to 238, but the data basis for the other isotopomers, six
lines of 129I2 and one for the mixed 127I129I, is still very
poor for determining Vcorr(R). Thus, it is not clear how
reliable the corrections, especially their dependence on the
internuclear separation, really are.

In Figure 6 the potential energy curve of the B state to-
gether with the effective nonadiabatic BOC (upper panel)
and the effective adiabatic BOC (lower panel) are shown.
Both increase with increasing overlap of the electronic
wavefunctions of the two atoms. This is reasonable as one
can expect increasing mixing of configurations and there-
fore deviation from the simple Born-Oppenheimer picture.

Fig. 7. Molecular gJ -factor as function of the vibrational en-
ergy in the excited state. The full line is the vibrational de-
pendence given in [53] and the full circles are the correspond-
ing measurements. The open squares are vibrational averages
calculated from the effective nonadiabatic Born-Oppenheimer
term α of the present work, the open circles are vibrational
averages from a fit with the constraint α0 = 0.

If α were the pure rotational adiabatic correction, its ex-
pectation value for level v would be proportional to the
molecular gJ factor. The proportionality factor is pro-
vided by the ratio of the proton mass mp and the electron
mass me [43]:

gJ =
mp

me
〈v|α(R)|v〉. (10)

To check this assumption, vibrational averages of α have
been calculated. They are displayed in Figure 7, together
with gJ factors determined experimentally by Broyer
et al. [53].

The order of magnitude is correct, but the difference
between the direct measurements of [53] and the averaged
α is large. The experimental values of gJ suggest to set
α0 to very low values. Thus we also tried a fit with the
constraint α0 = 0. The final χ2 is then 870 instead of
830 as before for 1513 observations. This is hardly signif-
icant in the statistical sense. The graph of calculated gJ

in this case (open circles) is similar in slope compared to
that shown in Figure 7, but the offset from zero is nearly
completely removed. Obviously the correlation among the
parameters is so large, that α0 can be absorbed in the re-
maining parameters. In total, the graph of the averaged
α is thus much closer to the experimental gJ . But this
choice of α0 = 0 is arbitrary and not physically justified.
In both cases the calculated values show an increase to
higher levels as do the experimental g factors, but with
different slope. One might attribute this to the contribu-
tion of β (comp. Eq. (5)) to the effective α, but this cannot
be decided from the data available.

So despite the large range of rotational quantum num-
bers in the data set and its high precision α seems to be
only poorly determined (see the large difference between
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open circles and squares in Fig. 7). The reason is not clear
currently.

Thus new experiments enhancing the data basis, espe-
cially with respect to the other isotopomers would be very
promising for a deeper understanding at this point.

5 Conclusion

A model for a very precise description of a large portion
of the visible iodine spectrum is presented. It relies on the
simultaneous fit of two potentials to optical transitions.
Due to the high precision of the data available it is needed
to include the effective rotational correction to the Born-
Oppenheimer approximation, and due to the existence of
few data on isotopomers 127I129I and 129I2 also an effective
adiabatic BOC could be inferred, but more data on these
isotopes are desirable for a conclusive statement about the
R-dependence of the Born-Oppenheimer corrections.

The resulting model description can be used to pre-
dict frequencies of rovibrational transitions of the iodine
molecule. Together with the interpolation formulae for the
hyperfine parameters the hyperfine structure can be cal-
culated and added. In this way it is possible to predict the
hyperfine transition frequencies at a (1σ) level of uncer-
tainty of few MHz, which is useful for calibration purposes
of other spectra. Compared to the atlas by Gerstenkorn
and Luc [1], the improvement is more than a factor of
ten. The potential and the hyperfine structure calcula-
tions have been built together in a computer program [54],
which can be used conveniently (instead of looking up at-
las tables and interpolating graphically there) to calculate
the frequencies of iodine transitions and to construct the
iodine spectrum in line shape, width and intensity appro-
priate to the experimental conditions, if Doppler broad-
ened or Doppler reduced. They can be used for calibration
of other spectra.

The very informal and efficient help of Harald Schnatz, PTB
Braunschweig, who was able to measure promptly frequencies
of weak iodine lines at 532 nm, is gratefully acknowledged.
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Tiemann, Metrologia 35, 105 (1998)
15. B. Bodermann, M. Klug, H. Knöckel, E. Tiemann, T.
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27. B. Bodermann, H. Knöckel, E. Tiemann, Eur. Phys. J. D

19, 31 (2002)
28. B. Bodermann, thesis, Hannover (1998)
29. C.H. Townes, A.L. Schawlow, Microwave Spectroscopy

(Dover Publications, New York, 1975)
30. D. Shiner, J.M. Gilligan, B.M. Cook, W. Lichten, Phys.

Rev. A 47, 4042 (1993)
31. S. Rakowsky, D. Zimmermann, W.E. Ernst, Appl. Phys.

B 48, 463 (1989)
32. H. Rong, S. Grafström, J. Kowalski, G. zu Putlitz, W.

Jastrzebski, R. Neumann, Opt. Comm. 100, 268 (1993)
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